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A. Finitary Junctions 
1. Introduction 
 So far, we have used junctions to provide an account of quantifiers, indefinite-noun-phrases, 
and collectives.  In the present chapter, we develop an account of finitary-junctions, which are finite 
versions of general junctions.  However, some semantically-useful finitary-operators cannot be 
characterized using the current junctional apparatus, so we offer an account of these as well. 

2. Junctions 
 A junction is an infinitary-operator, which is to say an operator that acts on a collection of 
arguments of arbitrary size, even infinite, and even empty.  Each junction serves both as a type-operator 
and as a syntactic-operator, in accordance with the following schemata. 

if α is an expression of type   if  is a type 

and Φ is a formula  and  is a junction 

then {α | Φ} s an expression of type   then  is a type 

Although, we could treat brace notation as mere punctuation, we treat {α|Φ} as the set of all α such 
that Φ, which allows us to exploit various set-theoretic principles, including the following. 

{α | Φ}  { ω | νΦ } ω not free in Φ 
ν all variables free in Φ 

{ α1, …, α }  { ν | να1  …  να } ν not free in α1, …, α 
type(ν)  type(αi) 

We also adopt the following shorthand notation. 

νΦ  {ν | Φ} ν is any variable; Φ is any formula 

 All told, we propose eight junctions, as follows. 

symbol formal name English counterpart 

 conjunction every 

 disjunction some 

 injunction no 

 subjunction any 

 exclusive-disjunction exactly… 

Σ sum common noun phrases  
when they serve as NPs Π product 

 section collective words 

3. Finitary and Binary Junctions 
 Next, we introduce finitary and binary forms of all junctions, by way of the following schematic 
definitions. 

{α1, …, α}  { ν | να1  …  να } ν not free in α1,…,α 

α  β  {α, β}  is any junction 
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It is customary to write the binary (infix) version of a junction using a variant of the symbol, 
summarized in the following table. 

original binary English counterpart 

  and 

  or 

  nor 

  either 

  xor 

Σ  narrow or/and 

Π  wide or/and 

4. Sum and Product 
 Notice that the binary-forms of sum () and product () are depicted by circle-plus () and 
circle-cross ().  Previously we have introduced a plus-operator + (mereological-sum)  and a cross-
operator  (type-logical product).  It would be theoretically convenient if + coincided with , and  
coincided with , but unfortunately, it is a bit more complicated than that! 

1. The Difference Between + And  
 Whereas + is mereological-sum,  is logical-sum, which is a special case of .  To see that  they 
are not identical, consider irreducibly-plural adjectives, such as numerical-adjectives.  For example, 
consider the phrase ‘two dogs’, which is semantically rendered as follows. 

two dogs D 
02D 

2D 

Now suppose that there are a total of three dogs – A, B, C – in the relevant situation.  Then  
2D    (A+B)  (A+C)  (B+C) 

If  and + are identical, then: 

2D 
 (A+B)  (A+C)  (B+C) 
 (A+B) + (A+C) + (B+C) 
 A+B+C 
 ABC 
 D 

Thus, the denotation of ‘two dogs’ is the same as the denotation of ‘dogs’. 

 Since the latter is a highly undesirable consequence, we must conclude that + and  are not 
identical.  How exactly they are related is considered later. 

2. The Difference between  and  
 Whereas  is type-product, being the residual-counterpart of ,  is logical-product, which is 
a special case of .  To see that  they are not identical, we first observe that  can combine items of 
different types, whereas  can only combine items of the same type.  More importantly, they differ 
algebraically; in particular, although both are associative and commutative,  is contractive, whereas 
 is anti-contractive.1 

                                         
1 The non-contractive character of  is based on the idea that Compositional Logic involves resource usage. 
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αα  α contractive 

αα  α anti-contractive 

5. And 
 Given  is the finitary form of , which we call ‘conjunction’, we are naturally led to propose 
that ‘and’ means , which is categorially rendered as follows.2 

and () αβ  αβ 

α,β are open expressions of type  

This hypothesis looks promising, as seen in the following examples. 
1. Jay is tall and Kay is tall 

Jay +1 is tall and Kay +1 is tall 

J1 

P0:P1 0T 

   3 

K1 

P0:P1 0T 

1T 1T 

TJ TK 

TJ  TK 
TJ  TK 

Note that the last line involves -simplification, which is a special case of -simplification.4 
2. Jay is tall and handsome 

Jay +1 is tall and handsome 

J1 

P0:P1 

0T  0H 

0T  0H 

 1T  1H 

TJ  HJ 
TJ  HJ 

 a phrase combines with a junction  
by combining with each of its components. 

3. Jay and Kay are tall 

Jay and Kay +1 are tall 

J  K 

.1 

1T 

J  K 

J1  K1 

TJ  TK 
TJ & TK 

 

                                         
2 We treat binary junctions as two-place functors, which take pairs of expressions as input.  More generally, we treat 
finitary-junctions as anadic-operators.  The development of the latter is pursued later [+++]. 
3 For the sake of brevity we write ‘’ in place of the official lambda-abstract – λαβ{αβ}, αβαβ]. 
4 The transformations go as follows. 

PQ  {P,Q}  {X | XP  XQ}  X(XP  XQ . X)  PQ 
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4. every man respects his mother and father 

every man +1 –1 respects (–1) his mother DEF and father DEF +2 

{ 1  -1 | M } 

21R 

-1:6 

6:M()  6:F() 

.2 

6:M()  6:F() 

-1:M()  -1:F() 

-1:M()2  -1:F()2 

-11R[,M()]  -11R[,F()] 

{ R[,M()]  R[,F()] | M } 
 { M  {R[,M()]  R[,F()]} } 

5. every cat and dog is a pet 

every cat and dog +1 is a pet 

P0P 

0C  0D 

.1 

1P 

0C  0D 

C  D 

{ 1 | C }  { 1 |D } 

{ P | C }  { P | D } 
(CP)  (DP) 

6. Problem with Reading ‘and’ as  
 Unfortunately, the previous example also admits the following derivation. 

every cat and dog +1 is a pet 

P0P 

0C  0D 

.1 

1P 

0C  0D 
0(C  D) 
0(C  D) 

(C  D) 

{ 1 | C  D } 

{ P | C  D } 
{ (CD)  P } 

 every thing that is both a cat and a dog is a pet  

In other words, every cat-dog5 is a pet, which seems like an illegitimate reading.   

 The following examples produce similarly ridiculous readings when we interpret ‘and’ as . 
6. Jay and Kay are a married-couple 

Jay and Kay +1 are a married-couple 

J  K 

.1 

1M 

J  K 

J1  K1 

MJ  MK 
MJ & MK 

 Jay is a married-couple,  
and Kay is a married-couple  

                                         
5 In this context, a cat-dog is an organism that is simultaneously a cat and a dog.  There is also a cartoon character 
named CatDog (Nickelodeon, 1998-2005).  It is not so much a single organism as a pair of conjoined organisms, one 
a cat, the other a dog. 
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7. Jay is between Kay and Elle 

Jay+1 is between Kay and Elle +2 

J1 

P0:P1 

20B 

K  E 

.2 K  E 

K2  E2 

0BK  0BE 

1BK  1BE 

BJK  BJE 
BJK & BJE 

 Jay is between Kay, and Jay is between Elle  

These are misguided in attempting to apply plural-predicates to singular-arguments, which is why they 
end up being infelicitous. 

 Nevertheless, these pratfalls suggest a test by which to identity when ‘and’ means .  In 
particular, the successful examples above can all be paraphrased using the prefix ‘both’. 

both Jay is tall and Kay is tall 6 
Jay is both tall and handsome 
both Jay and Kay are tall 
every man respects both his mother and father 

On the other hand, the last three examples do not admit such a paraphrase. 
? every both cat and dog is a pet 
? both Jay and Kay are a married-couple 
? Jay is between both Kay and Elle 

 We propose to treat ‘both…and…’ as a non-contiguous phrasal-morpheme, which is 
semantically rendered as follows. 

[both]…and () αβ  αβ 

The following illustrates. 

[both] Jay and Kay +1 are tall 

αβ  αβ J  K 

.1 

1T 

J  K 

J1  K1 

TJ  TK 
TJ  TK 

Notice that ‘and’ basically just separates the two arguments, and is accordingly interpreted as trivial 
binary-composition, which is marked by ‘’.7 

 Note also that this approach to ‘and’ also works on polyadic predicates such as ‘married’ and 
‘between’, as seen in the following derivations. 

                                         
6 This may be a stretch as colloquial English. 
7 The operator indicated by ‘’ is trivial – αβαβ. 
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8. Jay and Kay are a married-couple 

Jay and Kay +1 are a married-couple 

J  K 

.1 

11M 

J  K 

J1  K1 

MJK 

9. Jay is between Kay and Elle 

Jay+1 is between Kay and Elle +2 

J1 

P0:P1 

220B 

K  E 

.2 K  E 

K2  E2 

0BKE 

1BKE 

BJKE 

7. Both is also a Quantifier 
 The term ‘both’ is often attached to ‘and’ – just as ‘either’ is attached to ‘or’, ‘neither’ is 
attached to ‘nor’.8  This suggests that these phrases are non-contiguous phrasal morphemes.  On the 
other hand, ‘both’, ‘either’, and ‘neither’ also behave like quantifiers.  Indeed, they are restrictions 
of existing quantifiers, given as follows. 

both CD λP0 P2P  DD P  P2P 

either CD λP0 P2P  DD P  P2P 

neither CD λP0 P2P  DD P  P2P 

Here, the proviso ‘2P’ restricts the domain of the function – in this case to P-pairs.  Thus, the only 
difference between the following 

both A's are B  either A is B  neither A is B 

all A's are B  any A is B  no A is B 

is that the former, but not the latter, presuppose there are two A's.9 

 Let's concentrate on ‘both’.  Can we reconcile this reading of ‘both’ with the reading proposed 
in the previous section?  By way of answering this question, we offer the following derivation. 

Both Jay And Kay +1 Are tall 

p  p2p 

J  K 

.1 

1t 

J  K 
(J  K) 

 (J  K) 

{ 1 | J  K } 

{ T | J  K } 
{ (J  K)  T } 

TJ  TK 

                                         
8 Similarly, ‘if’ is often attached to ‘then’ 
9 On a personal note, one evening when my daughter was 20 months old, she proudly announced at the dinner table: 

mommy eating, daddy eating, Laura eating, … both eating! 
She had mastered quantification, but not presupposition. 
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 assuming J  K; otherwise null 

This treats ‘Jay and Kay’ as a C-phrase.  The following example uses more natural C-phrases. 

all cats and dogs +1 are pets 

P  P 

C  D 

.1 

1P 

C  D 
 (C  D) 

(C  D) 

{ 1 | C  D } 

{ T | C  D } 
{ (C  D)  T } 

(CP)  (DP) 

 see appendix (+++) 

This example should be contrasted with the following. 

both cats and dogs +1 are pets 

αβ  αβ 

C  D 

.1 

1P 

C  D 

C  D 

C1  D1 

PC  PD 

This reads ‘cats’ and ‘dogs’ generically; other readings are available.10  The main point is that ‘both’ 
cannot be interpreted as a quantifier here, without presupposing that there are only two cats and dogs. 

8. Or and Either 
 The word ‘or’, which is allied with ‘either’, presents its own difficulties in interpretation.11  
These difficulties can be a source of humor; for example, the movie The Pink Panther contains the 
following interchange.12  

Reporter: Inspector, do you know if the killer was a man or woman?13 
Clouseau: Well of course I know that!  What else is there?  A kitten?  

From this we surmise that, in addition to his many other cognitive shortcomings, Clouseau also suffers 
from a (mild) speech-pragmatic disorder.14 
 So, which junction best captures the meaning of ‘or’?  We propose that ‘or’ is ambiguous 
between ∨ and .15  The following example demonstrates the two readings. 

10. if you open door-1 or door-2, you will win the prize 

                                         
10 Left as an exercise. 
11 Not to mention pronunciation.  There are three pronunciation groups. 

(1) as in ‘sleight of hand’ [ipa: aɪ]  British 
(2) as in ‘sleigh’ and ‘weigh’ [ipa: eɪ] Scottish 
(3) as in ‘seize’ [ipa: i] American 

12 This is a remake, written by and starring Steve Martin, a philosophy major at Cal State Long Beach, which partly 
explains his sense of humor. 
13 We discuss this construction in greater detail in Chapter 12 [Expletive Pronouns] 
14 Clouseau encounters others like him in this regard.  For example, in The Pink Panther Strikes Again [starring Peter 
Sellars, not Steve Martin], Clouseau asks a hotel clerk whether his dog bites, the clerk says “no”, so Clouseau goes to 
pet the dog, which promptly bites hm.  He then exclaims, “I thought you said your dog doesn't bite”, to which the 
clerk says “that is not my dog”.  There is a similar joke about logicians; a logician is asked whether his wife gave 
birth to a boy or girl, and he responds, “I certainly hope so!” 
15 And so ‘and’ and ‘or’ share a meaning; whether one uses ‘and’ or ‘or’ to convey  is, we propose, a largely 
syntactic matter; some constructions prefer ‘and’; some prefer ‘or’. 

http://www.imdb.com/name/nm1000884/?ref_=tt_trv_qu
http://www.imdb.com/name/nm0000188/?ref_=tt_trv_qu
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This is ambiguous between the following, where D1 and D2 are the two doors. 

a. one of {D1, D2} leads to the prize  
(I don't know which, or I am unwilling to say which) 

b. either of {D1, D2} leads to the prize  
(go through either and you get the prize) 

These two readings are reconstructed in the following derivations.16 

if you+1 go-through 
door-

1 or 
door-

2 +2 then you+1 
will-win-the-

prize 

XY{XY} 

Y1 

21G 

D1  D2 

.2 

∅ Y1 1W 

D1  D2 

WY 

D12  D22 

1 G[,D1]  1 G[,D2] 

G[Y,D1]  G[Y,D2] 

Q{G[Y,D1]Q}  Q{G[Y,D2]Q} 

{G[Y,D1]WY}  {G[Y,D2]WY} 

Notice that ∨ admits ‘if’, and accordingly maintains wide-scope.   
 But notice that G[Y,D1]G[Y,D2] is a disjunction of sentences and therefore qualifies as an input 
for ‘if’.  Following this line of analysis, we obtain the following alternative reading. 

if you go-through door-1 or door-2  then you will win the prize 

PQ{PQ} G[Y,D1]  G[Y,D2] 

WY Q{ {G[Y,D1]  G[Y,D2]}  Q } 

{ G[Y,D1]  G[Y,D2] }  WY 

This sounds exactly like the either-reading, since in particular, the final formula is equivalent to the 
following. 

{ G[Y,D1] → WY } & { G[Y,D2]}  WY } 

Unfortunately, this inference does not work for all ‘if-then’ connectives.17  Fortunately, the proper 
reading of ‘or’ avoids this problem entirely, as seen in the following derivation. 

if you+1 go-through door-1 or door-2 +2 then you+1 will-win-the-prize 

PQ{PQ} 

Y1 

21G 

D1  D2 

.2 

∅ Y1 1W 

D1  D2 

WY 

D12  D22 

1 G[,D1]  1 G[,D2] 

G[Y,D1]  G[Y,D2] 

Q{G[Y,D1]Q}  Q{G[Y,D2]Q} 

{G[Y,D1]WY}  {G[Y,D2]WY} 
{G[Y,D1]WY}  {G[Y,D2]WY} 

Notice that, ‘if’ is -promoting, so it converts  to , which simplifies to & in the final line. 

 The following is an example in which ‘or’ and ‘and’ are (mostly) interchangeable. 

                                         
16 Here, Y (“you”) is the addressee of the utterance, which is contextually provided. 
17 This is discussed in great detail by Nute (1980), which is reviewed by Hardegree (1982). 
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11. no cats or dogs are pets 

no cats or dogs +1 are pets 

PP 

C  D 

.1 

1P 

(C  D) 

(C  D) 

{ 1 | C  D } 

{ P | C  D } 
{ (C  D)  P } 

 The following example is complicated by having a pronoun bound by a complex NP. 
12. if Jay respects Kay or Elle, [then] she respects him (i.e., Jay) 

if Jay +1 respects Kay or Elle +2 –1 [then]  (–1) she +1 respects him (i.e. Jay) 

PQ{PQ} 

J1 

21R 

K  E 

{2-1} 

∅ -1.1 1RJ 

K  E 

 -1RJ 

(K2K-1)  (E2E-1) 

(1RK  K-1)  (1RE  E-1) 

(RJK  K-1)  (RJE  E-1) 

(Q{RJKQ}  K-1)  (Q{RJEQ}  E-1) 

Q{RJKQ}  RKJ  Q{RJEQ}  REJ 
{RJKRKJ}  {RJEREJ} 
{RJKRKJ}  {RJEREJ} 

9. Seeking Complex Entities Revisited 
 Recall that seeking can stand between a person and a simple entity, or a complex, entity.  For 
example, looking-for-a-dog can stand between an agent and a particular-dog, or dogs-in-general. 

13. Jay is looking for a dog 

Jay +1 is-looking-for a dog +2 

J1 

21L 

D .2 

{ 2 | D } 

{ 1L | D } 

{ LJ | D } 
{D  LJ} 

 

Jay +1 is-looking-for a dog +2 

J1 

21L 

D .2 

D2 

1L, D 

LJ, D 
 

 This idea reappears in connection with ‘or’ and binary-sums.   
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14. Jay is looking for Kay or Elle 

Jay+1 is-looking-for Kay or Elle +2 

J1 

21L 

K  E 

.2 K  E 

K2  E2 

1LK  1LE 

LJK  LJE 
LJK  LJE 

 

Jay +1 is-looking-for Kay or Elle +2 

J1 

21L 

K  E 

.2 KE 

[KE]2 

1L[, KE] 

L[J, KE] 
 

A more abstract example shows up in intro logic, in which the following derivation strategy is 
proposed. 

IF you have a conditional   

THEN look for the antecedent  so you can apply modus ponens 

 OR the negation of the consequent  so you can apply modus tollens 

Note in particular that the logic student is not instructed to do one of the following:  
 look for , look for  

Rather, the student is instructed to look for the complex entity .18 

10. Either versus Or 
 When ‘either’ is accompanied by ‘or’, we propose to treat them as a phrasal morpheme.  But 
‘either’ – like ‘both’ and ‘neither’ – is also a quantifier, as in the phrases. 

if either pet is sick, we will cancel vacation 
Kay does not like either pet 

We propose that this use of ‘either’ is a special case of ‘any’, rendered as follows. 

either CD λP0 P2P  DD P  P2P 

The following derivations illustrate. 

if either pet +1 +1 is sick  we will cancel vacation 

XYYX 

P  P2P P 

.1 

1S 

C 

P2P 

{ 1 | P }  2P 

{ S | P}  2P 

{ YYS | P}  2P 

{ CS | P}  2P 
{ (P  S) C }  2P 

 

                                         
18 And success in finding a complex-entity amounts to finding any of its parts, in this case  or . 
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Kay +1 does not like either pet  +2  

K1 

XX 

21L 

P  P2P P 

.2 P2P 

{ 2 | P }  2P 

{ 1L | P }  2P 

{ 1L | P }  2P 

{ LK | P }  2P 
{P  LK}  2P 

 One naturally wonders what the difference is between quantifier-either and wide-scope or.  One 
is a special case of ‘any’, which is interpreted via ; the other is a special case of the indefinite 
construction ("a"), which is interpreted via .  Both eventually get promoted to , but they have slightly 
different scopes.  The difference becomes evident when we add anaphoric pronouns, as in the 
following examples. 

? if Jay does not like either pet, he does not feed it 
ok if Jay does not like Penny or Queenie, he does not feed her 

 Whereas ‘Penny or Queenie’ binds ‘her’, ‘either pet’ does not bind ‘it’. 

11. Tuples and Sequences 
 Recall that we have two binary product operators – type-product , and logical-product .  In 
this connection, we should note that Set Theory postulates an operation known as Cartesian product, 
defined as follows.  

     { 〈,〉 |    }  {  | (    〈,〉 } 

Here 〈,〉 is the ordered-pair of  and .  More generally, Set Theory postulates ordered-triples, 
ordered-quadruples, and more generally ordered n-tuples (finite sequences).19   

 Note however that Cartesian product is algebraically defective, being neither associative nor 
commutative, so it is not identical to either of our product operators (, ). 

 Still, we need ordered n-tuples.  Indeed, we appeal to these structures in our account of the types 
of predicates and function-signs in first-order logic.  In particular, recall that a two-place predicate is 
an item of type D2S, and a two-place function-sign is an item of type D2D, where technically D2 
corresponds to ordered-pairs of entities. 

 In order to incorporate n-tuples in our formal theory, we postulate a further binary-operator , 
which we postulate to be just like  except that  is anti-commutative. 

if α is an expression of type   if  is a type 

and β is an expression of type   and  is a type 

then αβ is an expression of type   then  is a type 

                                         
19 See Appendix Chapter on Set Theory. 
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Algebra 

(1) (αβ)γ  α(βγ) associative 

PLUS  
parallel  
principles  
for types  
,, 

(2) if αβ  βα, then αβ  anti-commutative 20 

(3) if αβ  αγ, then βγ right-cancellative 

(4) if αγ  βγ, then αβ left-cancellative 

(5) αα  α anti-contractive 

Our Version of Cartesian Product 

     {  |    } 

Here, the left side pertains to types, and the right side pertains to items that have types. 

Note that, unlike the official Cartesian product, which is not in any way associative, the improved 
Cartesian product is arbitrarily associative.  This allows us to define all tuples, as follows. 

     {  |      } 

     {  |        } 

… 

Here,  is a 4-tuple consisting of , , , , in that order. 

12. Type-Exponentiation 
 We can now officially define the exponent types, including D and S.  As one might expect, 
type-exponentiation can be defined in terms of type-product , in accordance with the following 
inductive definition. 

(1) 1   

(2) +1   

Notice that  is associative, so we don't need parentheses. 

(1) D1  D 

(2) D2  DD 

(3) D3  DDD 

 … 

For example, if α,β,γ have type D, then αβγ has type DDD [ D3].  The set-theoretic counterpart 
would be the following infinitely-many constructions. 

(1) αβ  〈α,β〉 

(2) αβγ  〈α,β,γ〉 

(3) αβγδ  〈α,β,γ,δ〉 

 … 

                                         
20 The prefix ‘anti’ is often used to indicate that the condition holds only in trivial circumstances.  A more common 
example is anti-symmetry – αRβ and βRα only if αβ. 
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13. Polyadic Abstraction 
 Once we have ordered-tuples of items, we can officially introduce polyadic lambda-abstraction, 
as follows.21 

(1) αβ:Ω  :αβ:Ω type: () 

(2) αβγ:Ω  :αβγ:Ω type: () 

… 

14. Anadic-Operators 
 The infinite-sequence 〈D1, D2, …〉 of polyadic-types suggests another important logico-algebraic 
notion – degree.  An -place operator is said to have degree .  The terminology, and notation, is 
summarized in the following chart. 

degree Greek Latin Loglish type parse 

1 monadic unary 1-place 1 takes a single  and delivers a  

2 dyadic binary 2-place 2 takes a pair of 's and delivers a  

3 triadic ternary 3-place 3 takes a triple of 's and delivers a  

… 

It is natural also to consider operators that take any finite-sequence of inputs of the same type.  Such 
operators are sometimes also called anadic; the morphology of this word is meant to convey “without 
adic”, which is to say “no particular degree”. 

 For such operators, we propose the following notation.  

anadic * takes a finite-sequence of 's and delivers a  

This is based on the following additional clause in our inductive account of types. 

if  is a type 

then * is a type 

We may call * a "super-type", because it comprises infinitely-many sub-types, as follows. 

(1) 1  *   * 

(2) 2  *   * 

(3) 3  * A  * 

… 

Borrowing set-notation, this can be summarized as follows. 

(s) *  { |   1, 2, 3, …} 

                                         
21 Note that we can freely drop parentheses in light of the algebraic-properties of .  But order still matters! 
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15. Reducing Anadic Operators to Junctions 
 One might naturally expect that an anadic operator is a special case of a junction, restricted to 
finite sets.  This works fine for a few logical operators – most notably, conjunction and disjunction, 
which can be defined as follows.  First, we define binary conjunction and disjunction as follows. 

α  β  {α, β}  {ν | να or νβ} ν not free in α,β 

α  β  {α, β}  {ν | να or νβ} ν not free in α,β 

One then defines the anadic versions inductively as follows. 

〈α〉  α 

〈α1, …, α+1〉  〈α1, …, α〉  α+1 
 

〈α〉  α 

〈α1, …, α+1〉  〈α1, …, α〉  α+1 

The following are example expansions. 

〈P,Q,R〉    (PQ)R 〈P,Q,R,S〉    ((PQ)R)S etc. 

〈P,Q,R〉    (PQ)R 〈P,Q,R,S〉    ((PQ)R)S etc. 

16. The Fly in the Ointment – NOR and XOR 
 This looks promising until we try to apply this technique to ‘nor’ and ‘xor’, which are 
presumably the finite counterparts of  and , respectively. 

α  β  {α, β}  {ν | να or νβ} ν not free in α,β 

α  β   {α, β}   {ν | να or νβ} ν not free in α,β 
 

〈P,Q,R〉    (PQ)R 〈P,Q,R,S〉    ((PQ)R)S etc. 

〈P,Q,R〉    (PQ)R 〈P,Q,R,S〉    ((PQ)R)S etc. 

Note that the binary operators ‘nor’ and ‘xor’ have the following truth-conditions. 

P NOR Q is true iff no one of P, Q is true 

P XOR Q is true iff exactly one of P, Q is true 

On the other hand, the ternary operators ‘nor’ and ‘xor’ have the following truth-conditions. 

NOR〈P, Q, R〉 is true iff no one of P, Q, R is true 

XOR〈P, Q, R〉 is true iff exactly one of P, Q, R is true 

Now, consider the following sentence forms, 

(1) (P NOR Q) NOR R 
(2) (P XOR Q) XOR R 

and consider the following substitutions. 
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(T NOR T) NOR F  F NOR F  T 

(T XOR T) XOR T  F XOR T  T 

On the other hand, the truth-conditions for the ternary operators are: 

NOR〈T, T, F〉  F 

NOR〈T, T, T〉  F 

Thus, the binary forms are not consistent with the ternary forms.  But the ternary forms agree with the 
intuitive truth-conditions.  For example, if I say 

neither A nor B nor C will win the election 
I mean that no one of {A,B,C} will win the election.  And if I say 

either A or B or C will win the election [understood exclusively] 
I mean that exactly one of {A,B,C} will win the election. 
 This demonstrates that finitary-XOR and finitary-NOR do not reduce to binary-XOR and binary-NOR.  
Perhaps they reduce to infinitary-XOR and infinitary-NOR.   
 The good news is that that this approach works for NOR.  The following obtains. 

〈P1, … , P〉    {P1, …, Pk} 
The bad news is that this approach does not work for XOR.  The following does not obtain. 

〈P1, … , P〉    {P1, …, Pk} 

The problem is that the left side involves a sequence but the right side involves a set, so repeated 
elements can cause a problem, as in: 

〈T, T〉    F 

{T, T}  {T}  T 

17. Finitary-Operators [parallel approach] 
 The proper account of XOR cannot be based on binary-XOR or infinitary-XOR.  We accordingly 
propose to define finitary-operators as distinct from, but parallel to, infinitary-operators, in accordance 
with the following schema.   

if α1, …, α  are expressions of type  

then 〈α1, …, α〉 is an expression of type  

Here, we treat the brackets as punctuation, although we could equally well think of 〈α1, …, α〉 as a 
finite sequence of items.  The rules of composition, including simplification, then parallel the rules for 
the original junctions, as in the following. 

〈P1, …, P〉 is true iff [P is true] 

〈P1, …, P〉 is true iff [P is true] 

〈P1, …, P〉 is true iff [P is true] 

〈P1, …, P〉 is true iff ![P is true] 

Notice that using brackets instead of braces makes no difference to ,, and , but it makes a big 
difference to  because  insists that truth-value T occur exactly once. 
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18. The Grammatical Problem 
 Even granting that XOR is an irreducibly-finitary operator, we still face the practical grammatical 
problem of what to do with sentences of the following form. 

P1  XOR  P2  …  XOR  P 
P1  NOR  P2  …  NOR  P 

Do we allow all parsings, or not?  If we allow all parsings, how do we insure that the truth-values 
compute correctly?  
 Three solutions come to mind. 

1.  Syntactic Solution – Logical Form 
 The solution that first comes to mind is simply to declare that, irrespective of how a multi-
conjunction is pronounced, it has a flat underlying ("logical") form.  So, although a multi-conjunction 
such as 

A  B  C  D 

could in principle be parsed in a hierarchical/stratified manner, like the following  

  A  B  C  D 

 A  B  C D 

 A  B C 

 A B 

it is actually completely flat, being obligatorily parsed as follows. 

  A  B  C  D 

 A B C D 

2.  Syntactic Solution – Re Parse 
 An alternative syntactic solution proposes prefix-operators NEITHER () and XEITHER (), which 
are optionally pronounced, but which do all the semantic work, as in the following sample trees. 

NEITHER P NOR Q NOR R 

 

P  Q  R 

PQR 

(PQR) 
〈P,Q,R〉 

 

XEITHER P XOR Q XOR R 

 

P  Q  R 

PQR 

(PQR) 
〈P,Q,R〉 

 

In particular, this approach treats NOR and XOR as variants of .  Note carefully that the exact parsing 
of ‘P XOR Q XOR R’ is irrelevant, given the mathematical character of , so we compress it here. 

3. Semantic Solution – Stratified Composition 
 Given the nature of our enterprise, we prefer a purely semantic solution.  Unfortunately, such a 
solution is slightly complicated, since it involves a subtle point of our account of compositionality and 
meaning.  In particular, we maintain that  

(1) the meaning of a compound is computed from the meanings of its components. 
(2) the meaning of a phrase is its semantic tree. 
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Usually, the only component of a semantic-tree that is computationally relevant is the entry at the top-
most node.  This does not always work, since there are phrases that access grammatical-structure, 
perhaps the most important of which is the phrase ‘logically true’.22 

 The composition of serial exclusive-disjunctions is another example in which the underlying 
tree is critical to the composition.  In order to formalize this, we propose the following compositional 
schema for  (XOR). 

〈α1,…,α〉  〈β1,…,β〉 

〈 α1, …, α, β1 ,…, β 〉 

To this we add the clause about -prime items. 
〈α〉    α 

The following are example parsings. 

P  Q  R  S 

〈P〉  〈Q〉 

 〈R〉 

 〈S〉 

〈P,Q〉 

〈P,Q,R〉 

〈P,Q,R,S〉 
 

P  Q  R  S 

〈P〉  

〈Q〉  〈R〉 

 〈S〉 〈Q,R〉 

〈Q,R,S〉 

〈P,Q,R,S〉 
 

 
B. Summary 
 Over the last few chapters [6, 7, 8, 9, 10], we have introduced numerous operators, including 
what we call ‘junctions’.  In what follows, we summarize their formal characteristics. 

1. Collections 
 By an collective-operator, we mean an operator that acts on a collection of arguments of 
arbitrary size, even infinite, and even empty.  A collection can be ordered or not, and a collection can 
admit repetition or not.  The usual notion of set is a collection without order and without repetition. 
 The notation we adopt for sets is as follows. 

Among these are unordered junctions, which act on under-ordered collections without repe basic-
function  Junctions are infinitary-operators that we employ in our account of quantifiers and indefinite 
noun phrases, and serve both as type-operators and as syntactic-operators in accordance with the 
following schemata.23 

if  is a type 

and  is a junction 

then  is a type 
 

if α is an expression of type  

and Φ is a formula 

then { α | Φ} s an expression of type  

 All told, we propose eight junctions, as follows. 

                                         
22 Note that a logical truth is one that is true in virtue of its form – i.e., grammatical structure.  So ‘logically true’ 
accesses the whole tree of the sentence to which it applies, not just its "truth conditions". 
23 The letter ‘’ is the Cyrillic letter representing the soft-j sound; IPA: ʒ; it is short for ‘junction’ [with a soft-j!]. 
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symbol formal name English counterpart 

 conjunction every 

 disjunction some 

 injunction no 

 24 subjunction any 

 exclusive-disjunction exactly [N] 

Σ sum used with  
common noun phrases  
when they serve as NPs Π product 

 seCt set 

2. Notation 

(1) {α | Φ}  the set of all α such that Φ 25 collective-abstract 

 {α, β}  {ν | να  νβ} doubleton 

 {α, β, γ}  {ν | να  νβ  νγ} tripleton 

 etc.    

(2) {α | Φ}  the  of all α such that Φ infinitary-compound 

   if   type(α)     

   then type( {α|Φ} )    

(3) νΦ  {ν | Φ} shorthand 

   

α,β are expressions of any type 
ν is a variable of any type 
Φ is any formula 
 is any junction 

 

e.g. 

F   the conjunction of all  such that F  

F   the disjunction of all  such that F  

F   the sum of all  such that F  

                                         
24 The symbol is the Cyrillic letter ‘el’, which derives from Greek lambda (Λ), which is short for ‘любой’ [‘liuboi’], 
which is Russian for (approximately) ‘any one’.  This symbol is chosen also because it is graphically intermediate 
between ‘’ and ‘’, and ‘any’ is between  and  (infinitary-product) with respect to scope.  Some occurrences of 
‘’ even look exactly like ‘’, for example the entrance to Lenin's Tomb [ΛEHИН]. 
25 See Appendix on Set Theory.  +++Sets are different from seCts.+++ 
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(4) α  β  {α,β} binary-compound 

e.g. 

α  β  {α,β} binary-conjunction 

α  β  {α,β} binary-disjunction 

α  β  {α,β} binary-sum 

3. Lexicon 

morpheme type translation 

every CD λP0 P 

some CD λP0 P 

no CD λP0 P 

any CD λP0 P 

exactly CC.CD λN λP0 { N(U)[]  P } 

at least CC.CD λN λP0 { N(U)[]  P } 

4. Standard-Composition 
 +++INDICES+++ 
 In the following,  is any junction other than  and .26  

-Composition 

α α, β, γ are any expressions 

{ β | Φ } Φ is any formula 

α ; β  γ any sub-derivation of γ from {α,β} 

{ γ | Φ }  admits α 

 
  does not admit any phrase headed by: 

1. not 
2. no 
3. if 
4. relative pronouns 

  does not admit any phrase headed by: 
4. who, which, that [relative 
pronouns] 

  does not admit any phrase headed by: 
1. not 
2. if 
4. relative pronouns 

 does not admit any phrase headed by: 
4. relative pronouns 

 admits all phrases 

 admits all phrases 
                                         
26 The Cyrillic letter ‘’ [soft ‘j’ (ipa: ʒ)] is short for ‘junction’. 
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5. -Composition 
 Clauses headed by ‘any’ are not assertional, but rather become assertional in various contexts, 
encoded by the following composition rule. 

α α, β, γ are any expressions 

{ β | Φ } Φ is any formula 

α ; β  γ any sub-derivation of γ from {α,β} 

{ γ | Φ } if α is -promoting 

{ γ | Φ } otherwise 
 

  is promoted by any phrase headed by: 
1. not 
2. no 
3. if 

6. -Composition 

α α, β, γ are any expressions; 

{ β | Φ } Φ is any formula; 

α ; β  γ any sub-derivation of γ from {α,β} 

{ γ | Φ } if α is -promoting; 

{ γ | Φ } otherwise; 

 
  is promoted by any phrase headed by: 

1. not 
2. no, every, any 
3. if 
4. if and only if 

7. Parallel-Composition 
 In addition to the usual serial-composition, which allows one junction to apply to another 
junction, we also posit parallel-composition, which allows two junctions of the same sort to combine 
on equal terms.  This enables us to construct quantifier-combinations according to which the quantifier-
phrases have equal (or parallel) scope.27   

Parallel-Composition 

{ α | Φ } α, β, γ are any expressions; 

{ β | Ψ } Φ, Ψ are any formulas; 

α ; β  γ any sub-derivation of γ from 
{α,β} 

{ γ | Φ&Ψ }  

                                         
27 This is semantically redundant for every and some, but not for numerical-quantifiers, including no.   
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8. No-Any-Absorption 

{ { Ω | Ψ } | Φ } 
Φ, Ψ, Ω are formulas 

{ Ω | Φ  Ψ } 

9. Type-Simplification 

 K  K  

 K  K iff KS 

 K  K iff KS 

 K  K iff KS 

 K  K  

 K  K iff KS 

Σ ΣK  K iff KS or KD 

Π ΠK  K iff KS 

10. Simplification 

{ Ψ | Φ }  ∀ν{ΦΨ} 

{ Ψ | Φ }  ∃ν{Φ&Ψ} 

{ Ψ | Φ }  ∃ν{Φ&Ψ} 

{ Ψ | Φ }  ∅ 

{ Ψ | Φ }  ∃!ν{Φ&Ψ} 

{ Ψ | Φ }  ∃ν{Φ&Ψ} 

{ Ψ | Φ }  ∀ω{ΦΨ} * 

Here, ν are all the variables that are contextually-free in Φ.  A variable is contextually-free in Φ if 
and only if it is free in Φ in the usual sense, but also it is not bound by any operator in the surrounding 
context.  The surrounding context is either the maximal-containing expression in the semantic node, 
or the sub-derivation in which the expression occurs.  Any assumed variable is considered bound. 
* ω are all the variables free in Φ and Ψ; there can be no contextual variables. 
+++RECONCILE WITH CONJUNCTION RULE DERIVATION+++ 
Sequential-quantification is understood in the usual manner for ∀ and . 

∀ν1…νΦ  ∀ν1…∀νΦ 
ν1…νΦ  ν1…νΦ 

For !, sequential-quantification is primitive. 
!νΦ  υ∀ν{Φ  νυ} 

where ν  〈ν1…ν〉 
υ  〈υ1…υ〉 

〈ν1…ν〉  〈υ1…υ〉  .  ν1υ1  …  νυ 
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11. Conversion Rule 
1. Common-Noun Conversion 

λ0Φ D0S [C]  

Φ D  
 

Φ D  

λ0Φ D0S [C]  

12. extras 
 We postulate the following. 

‘and’ means  precisely when it admits ‘both’ insertion. 
Alternatively: 

‘and’ means  when the surface-sentence is obtained by deleting ‘both’   
 C  D  (C  D) [what principle?] 

 A problem with this analysis seems to appear when we add ‘not’.28 
15. not every cat and dog is a pet 

not every cat and dog +1 is a pet 

XX 

P0P 0C  0D .1 1P 

(CP)  (DP) 

(CP)  (DP) 
(CP)  (DP) 

The solution to the problem rests on clarifying -simplification, according to which the product of 
sentences may be simplified to a conjunction of sentences.  We need to strengthen this principle by 
saying that we are required to apply -simplification as soon as permitted.  In that case, the above 
derivation is inadmissible, since -simplification is not applied at the key step.  If we follow this new 
rule, then the derivation proceeds as follows. 

not every cat and dog +1 is a pet 

XX 

P0P 0C  0D .1 1P 

(CP)  (DP) 
(CP)  (DP) 

{ (CP)  (DP) } 

 A more elegant derivation goes as follows. 
16. every cat and dog is a pet 

every cat and dog +1 is a pet 

 

C  D 

.1 

1P 

C  D 
 (C  D) 

(C  D) 

{ 1 | C  D } 

{ P | C  D } 
{C  D . P} 

(CP)  (DP) 

 / is associative. 

                                         
28 The same problem arises when we prefix ‘if’, which is left as an exercise. 
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 Another potential complication arises in the following. 

1. cats and dogs are sitting on the porch 

cats and dogs +1 are sitting on the porch 

0C  0D .1 1P 

 Let's try yet another example using  for ‘and’. 

17. Jay and Kay are married 

Jay and Kay +1 are married 

J  K 

.1 

1M 

J  K 

J  K1 

M[JK] 

 In the bottom node, we apply the property being-married to the compound-entity JK, which we 
postulate is identical to the plural entity J+K.29  If we understand ‘married’ to be an exclusively-plural 
predicate, and therefore not distributive, then the bottom node is the final computation; it says that the 
plural-entity Jay+Kay has the property of being married. 

 On the other hand, if we understand ‘married’ as fundamentally-singular, but derivatively-
plural, based on the following distribution principle, 

M[αβ]    M[α]  M[β] 

then we understand the sentence quite differently, in which case its derivation looks thus. 

Jay and Kay +1 are married 

J  K 

.1 

1M 

J  K 

J  K1 

M[JK] 

M[J]  M[K] 

 In conclusion, we propose that ‘and’ translates as , which when combined with ‘both’ 
translates as . 

no cat or dog +1 is-a-pet 

P0P 

0C  0D 

.1 

1P 

0C  0D 
0{C  D} 

{  | C  D } 

{ 1 | C  D } 

{ P | C  D } 
{ [C  D]  P } 

Note that the respective resulting formulas are equivalent. 

                                         
29 This does not mean that  is identical to +.  See below. 
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13. Multi-Sets  
 Perhaps the best implementation of the notion of multi-sets is the algebra of multi-sets over a 
given domain , where + is identified with multi-set union.  Multi-sets over domain  can be encoded 
by multi-characteristic-functions over ; each is a function χ 30 from  into the set  of natural 
numbers.  The idea is that χ() represents how many instances of  occur in the multi-set.  Then the 
addition-operator + corresponds to multi-set union, which corresponds to χ-function addition:  
[χ1+χ2]()  χ1() + χ2(). 

14. Binary-Operators 
 Many junctions give rise to binary counterparts, tabulated as follows. 

original binary English counterpart 

  and 

  or 

  nor 

  either 

  xor 

Σ  narrow or-and 

Π  wide or-and 

How do we define these operators?  The most obvious way is to employ the following schema, where 
 is the binary version of .31 

(b) α  β  {α, β}  {ν | να  νβ} 32 ν not free in α,β 

 This schema works very well for conjunction and disjunction. 

() α  β  {α, β}  {ν | να  νβ} ν not free in α,β 

() α  β  {α, β}  {ν | να  νβ} ν not free in α,β 

This is because AND and EVERY interlock, and OR and SOME interlock, perfectly. 
 Unfortunately, other operators involve complications, some more thorny than others. 

15. Three Product-Operators 
 Thus, we have three binary-product operators, listed as follows. 

  associative commutative contractive exemplar 

(1)  yes yes yes set union 

(2)  yes yes anti multi-set union 

(3)  yes anti anti sequence concatenation 

                                         
30 The letter ‘χ’ (chi) is short for ‘χαρακτήρας’, from which ‘characteristic’ derives.  Early Latin scribes used ‘ch’ to 
transcribe words borrowed from Greek involving ‘χ’, just as early Middle English scribes used ‘ch’ to transcribe 
similar sounding phonemes from Scot (most notably ‘loch’).  English vernacular employs ‘X’ for this also, most 
notably in ‘LateX’ [type-setting software] and ‘Xmas’ [holiday]. 
31 Compare this with the corresponding definitions of binary-union and binary-intersection in Set Theory.   
 α  β    {α, β}    {ν | να  νβ} 
 α  β    {α, β}    {ν | να  νβ} 
32 Expressions like this presuppose that variable ν has the same type as α and β. 
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16. Infinitary-Associativity 
 The notion of associativity is usually applied to binary-operators, in accordance with the 
following schematic definiens, where  is any binary-operator. 

α  (β  γ)   (α  β)  γ 

Associativity can also be applied to generalized-operators, in accordance with the following schematic 
definiens, where  is any generalized-operator. 

{ {α | Φ} | Ψ }  { α | Φ  Ψ } 

〈 〈α | Φ〉 | Ψ 〉  〈 α | Φ  Ψ 〉 

The former involves sets; the latter involves families (generalized sequences).33 
 We propose that, except for  and , all our junctions are associative. 

{ {α | Φ} | Ψ }  { α | Φ  Ψ } 

  ,  34 

 
 

                                         
33 Consult Appendix-Chapter on Set Theory. 
34 Neither  nor  is infinitely-associative, although  is finitely-associative.  Observe that 

(T NOR T) NOR F  T, but T NOR (T NOR F)  F 
On the other hand,  

(T XOR T) XOR T  T XOR (T XOR T)  T, but XOR〈T,T,T〉  F. 
In this connection, recall that ‘no A respects no B’ and ‘exactly one A respects exactly one B’ are three-way 
ambiguous, unlike ‘every A respects every B’ and ‘some A respects some B’. 
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